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Abstract
We show that the Lagrangian for interacting nonrelativistic particles can be coupled
to an external gauge field and metric tensor in a way that exhibits a nonrelativistic
version of general coordinate invariance. We explore the consequences of this invari-
ance on the example of the degenerate Fermi gas at infinite scattering length, where
conformal invariance also plays an important role. We find the most general effec-
tive Lagrangian consistent with both general coordinate and conformal invariance to
leading and next-to-leading orders in the momentum expansion. At the leading order
the Lagrangian contains one phenomenological constant and reproduces the results of
the Thomas-Fermi theory and superfluid hydrodynamics. At the next-to-leading order
there are two additional constants. We express various physical quantities through
these constants.
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1 Motivation
Symmetry is one of the most important ideas in modern physics. Frequently, the identifica-
tion of the symmetries of a physical system is the key to understanding it. In this paper we
identify a new type of symmetries of nonrelativistic physics, which are manifest when the
system is put in curved space, yet less evident in flat space.
The uncovering of these symmetries comes from our attempt to understand the properties
of the so-called “unitary” Fermi gas, which is a gas of fermions which interact with each other
through a zero-range two-body potential tuned to infinite scattering length a = ∞. This
system has been studied theoretically for some time [1, 2, 3], but only recently did it become
realized in experiments with trapped atoms using a Feshbach resonance [4, 5, 6, 7, 8]. What
is special about this system the absence of any intrinsic parameter, except for the number
density. Unfortunately, this same feature means that there is no small coupling constant on
which to build a reliable perturbation theory. It is therefore imperative that we find and
exploit all the symmetries of this system.
Despite the strong coupling, we are now certain that the ground state of the unitary Fermi
gas is a superfluid. We also have, as our starting point, at least two theoretical frameworks
which allow one to solve certain problems involving the unitary Fermi gas in a reliable fashion.
These are the Thomas-Fermi theory and superfluid hydrodynamics. The two theories are
very similar: both make no attempt to solve the problem at the microscopic level; they
are both valid in the long-wavelength regime, when the characteristic length scale of the
problem is much larger than all microscopic scales (including the healing length); and they
need as an input at most one parameter (which is denoted as ξ in Eq. (1) and characterizes
the zero-temperature equation of state.) The total energy and the oscillation frequencies
of unitary Fermi gas in a trap [9, 10] can be computed using these approaches. The input
parameter ξ is not fixed within these theories, but can either be measured experimentally or
computed by Monte-Carlo simulations.
However, until now it is not possible to systematically include corrections to either the
Thomas-Fermi theory or superfluid hydrodynamics. At weak coupling there is no funda-
mental obstacle to compute these corrections, but our tools do not work at strong coupling.
These corrections can be considerable if we want to study the physics at length scales not
much larger than the healing length.
The main, utilitarian motivation of this paper is to develop a systematic way to go
beyond the leading order in the long-wavelength expansion. This is done using an effective
field theory (EFT) [11]. The central idea of the EFT philosophy is a power expansion
over momentum (or inverse wavelength), instead of the usual perturbative expansion over
powers of the coupling constant. This makes EFT particularly suitable for problems involving
strongly coupled systems in the long-wavelength limit. Naturally we find that at leading order
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the EFT reproduces the Thomas-Fermi theory and superfluid hydrodynamics. However, in
principle, the EFT can be extended to arbitrary order in the expansion over momentum at
the cost of introducing an increasing number of free parameters. The form of the effective
Lagrangian is constrained only by the symmetries of the system under study.
Somewhat unexpectedly, putting all possible constraints on the next-to-leading order
(NLO) Lagrangian turns out to be a very nontrivial problem in the case of the unitary
Fermi gas. In this paper, this task is accomplished by temporarily putting the system in
curved space and exploiting the properties of general coordinate invariance and conformal
invariance. Working in curved space necessitates the use of certain mathematical tools
normally employed only in general relativity, but what we find at the end is quite nontrivial
and worth the effort. In addition to one free parameter at the leading order, one needs just
two parameters to characterize the NLO Lagrangian. These parameters cannot be computed
within the EFT, but since the number of physical quantities that can be computed is greater
than three, the EFT has real predictive power.
We start the paper with a summary of some results that can be obtained using the
EFT (Sec. 2). Then in Sec. 3 we show that the Lagrangian for interacting nonrelativistic
particles can be coupled to background gauge fields and spatial metric in a way that respects
gauge invariance and the general coordinate invariance. The general coordinate invariance
is a gauge version of the translation and Galilean transformations. In Sec. 4 we study the
conformal invariance of unitary Fermi gas. We then proceed, in Sec. 5 and 6, to find the
most general effective Lagrangian, to leading and next-to-leading orders, that is consistent
with these symmetries. Some applications of the EFT are considered in Sec. 7. We conclude
with Sec. 8.
2 Summary of results
Here we give a brief summary of the result of this paper for the unitary Fermi gas. We
do it here to give the reader a sense of the power and the limitations of the effective field
theory derived in the paper. We work in the unit system where ~ = 1. We denote the
number density as n and the fermion mass as m, from which we define the Fermi momentum
kF = (3π
2n)1/3, the Fermi energy ǫF = k
2
F/(2m), and the Fermi velocity vF = kF/m. We
introduce the dimensionless parameter ξ, defined as the ratio of the energy density of the
unitary Fermi gas to the energy density of a free Fermi gas at the same density,
ǫ = ξ
3
5
ǫFn. (1)
First we shall show that the dynamics of the gas is described, to leading order, by the
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Lagrangian,
LLO = c0m3/2
[
µ− V (t,x)− ϕ˙− (∇ϕ)
2
2m
]5/2
, (2)
where ϕ is the phase of the condensate, µ is the chemical potential, V (t,x) is the trapping
potential, and c0 is a dimensionless parameter. The leading-order Lagrangian captures the
same information as the Thomas-Fermi theory and superfluid hydrodynamics. The coefficient
c0 is directly related to the parameter ξ, defined in Eq. (1), by
c0 =
25/2
15π2ξ3/2
, (3)
and has to be determined microscopically.
To the next-to-leading order in the low-momentum expansion, the effective Lagrangian
has the form
L = c0m3/2X5/2 + c1m1/2 (∇X)
2
√
X
+
c2√
m
[(∇2ϕ)2 − 9m∇2A0]
√
X . (4)
where we have introduced the shorthand notation
X = µ− V (t,x)− ϕ˙− (∇ϕ)
2
2m
, (5)
and c1 and c2 are two additional dimensionless parameters that appear at the NLO level.
Many quantities can be computed using the effective Lagrangian. Let us consider infinite
system first (V = 0). The dispersion relation for low-energy phonons is
ω(q) = csq
[
1− π2
√
2ξ
(
c1 +
3
2
c2
)
q2
k2F
]
+O(q5 ln q), cs =
√
ξ
3
vF . (6)
The static density and transverse response functions are
χ(q) = −mkF
π2ξ
[
1 + 2π2
√
2ξ
(
c1 − 9
2
c2
)
q2
k2F
]
+O(q4 ln q), (7a)
χT (q) = −9c2
√
ξ
2
vFq
2 +O(q4 ln q). (7b)
The predictive power of the EFT is illustrated by a relation between the nonlinear q3 term
in the phonon dispersion (6) and the static response functions,
ω = csq
(
1− χ(q)− χ(0)
2χ(0)
+
4π2
3
χT (q)
vFk2F
)
. (8)
In addition, we also find the ground-state energy of a system of N particles in a harmonic
trap to be
E =
√
ξ
4
ω¯(3N)4/3 −
√
2π2ξ
(
c1 − 9
2
c2
)
ω21 + ω
2
2 + ω
2
3
ω¯
(3N)2/3 +O(N5/9), (9)
where ωi, i = 1, 2, 3 are the trap frequencies, ω¯ ≡ (ω1ω2ω3)1/3.
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3 Nonrelativistic general coordinate invariance
3.1 Statement of general coordinate invariance
Let us first consider a system of noninteracting particles (fermions or bosons). Instead of
letting particles move freely in flat space, we will put the system in an external gauge field
A0 = A0(t,x), Ai = Ai(t,x), i = 1, 2, 3. (10)
and a curved three-dimensional manifold with the spatial line element
ds2 = gij(t,x) dx
i dxj . (11)
As indicated in Eq. (11), the metric on the manifold is, in general, time-dependent, so the
manifold can change shape with time. The spatial indices i, j, . . . will be raised and lowered
by the metric gij and its inverse g
ij. The determinant of gij is denoted as g. The action of
the system is
S =
∫
dt dx
√
gL =
∫
dt dx
√
g
[
i
2
ψ†
↔
∂ tψ −A0ψ†ψ − g
ij
2m
(∂iψ
† − iAiψ†)(∂jψ + iAjψ)
]
.
(12)
Here ψ†
↔
∂ tψ ≡ ψ†∂tψ − ∂tψ†ψ. Note that A0, Ai, and gij appear as external parameters of
the Lagrangian; they have no dynamics of their own. The most common situation is when
the system is put in a trapping potential V . This corresponds to A0 = V , Ai = 0, gij = δij .
Another case, not considered in this paper, is that of rotating systems where Ai are not zero.
Although space is flat in all practical applications, keeping gij arbitrary in intermediate steps
allow one to derive nontrivial results, as we shall see.
We have written the time-derivative term in Eq. (12) in the symmetric form (i/2)ψ†
↔
∂ tψ.
In flat space this is equivalent to the asymmetric form iψ†∂tψ; the two differ from each other
by a full time derivative. This continues to be true if the metric is time-independent. For
a general time-dependent metric, however, the two forms are not equivalent. As at the end
we shall put the metric to flat, the choice between the two forms is a matter of convenience.
We will soon find that the symmetric form in (12) is much more advantageous.
The action (12) is invariant under gauge transformations,
ψ → ψ′ = eiαψ, A0 → A′0 = A0 − α˙, Ai → A′i = Ai − ∂iα, (13)
where α˙ ≡ ∂tα. It is also invariant under a change of coordinate on the 3D manifold,
xi → xi′ = xi′(xi),
ψ(t,x)→ ψ(t,x′) = ψ(t,x), A0(t,x)→ A′0(t,x′) = A0(t,x),
gij(t,x)→ gi′j′(t,x′) = ∂x
i
∂xi′
∂xj
∂xj′
gij(t,x), Ai(t,x)→ Ai′(t,x′) = ∂x
i
∂xi′
Ai(t,x).
(14)
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The infinitesimal version of (13) and (14) is
δψ = iαψ − ξk∂kψ, δA0 = −α˙− ξk∂kA0,
δgij = −ξk∂kgij − gik∂jξk − gkj∂iξk, δAi = −∂iα− ξk∂kAi −Ak∂iξk.
(15)
We note that while the gauge parameter α in Eq. (15) can be a function of both time
and space, so far we have considered the gauge parameter ξi (which is the coordinate shift,
xi → xi + ξi) to be time-independent. In fact, if one attempts to make ξi time-dependent,
one finds that the action is not invariant, but acquires a change proportional to the time
derivative of ξi,
δS = − i
2
∫
dt dx ξ˙kψ†
↔
∂ kψ. (16)
However, the invariance of the action can be restored by a small modification of the trans-
formation laws (15). The modified transformations read
δψ = iαψ − ξk∂kψ, (17a)
δA0 = −α˙− ξk∂kA0 − Akξ˙k, (17b)
δAi = −∂iα− ξk∂kAi − Ak∂iξk +mgikξ˙k, (17c)
δgij = −ξk∂kgij − gik∂jξk − gkj∂iξk. (17d)
It is straightforward to verify that terms proportional to ξ˙k now cancel in δS. (Had we
written the time-derivative term in the asymmetric form iψ†∂tψ this would not be true.)
We shall call (17) the nonrelativistic general coordinate transformations, or simply general
coordinate transformations. The action is said to be general coordinate invariant.
Let us discuss the relationship between the transformations (17) with the more familiar
Galilean transformations. In contrast to (17), the Galilean transformations are defined in
flat space, gij = δij. They can be thought of as a special class of (17) with a particular choice
of α and ξi:
α = mvixi, ξi = vit. (18)
This leaves the flat metric unchanged while transforming other fields,
ψ(t,x)→ ψ′(t,x) = eimv·xψ(t,x− vt),
A0(t,x)→ A′0(t,x) = A0(t,x− vt)− vkAk(t,x− vt),
Ai(t,x)→ A′i(t,x) = Ai(t,x− vt).
(19)
Note that in Eqs. (19) terms proportional to v2 and higher orders of v have been dropped.
Thus any theory with general coordinate symmetry is automatically Galilean invariant when
restricted to flat space.The transformations (17) can be thought of as a gauge version of the
translation and Galilean transformations. A similar “gauging” of nonrelativistic spatial
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translations has been considered previously [12]. A subclass of (17) which does not change
the flat metric has been considered in Ref. [13].
So far we have considered the noninteracting theory. It is easy to introduce interaction
into the theory in a way that respects general coordinate invariance by introducing auxiliary
fields. For example, the theory with the following Lagrangian,
L = i
2
ψ†
↔
∂ tψ−A0ψ†ψ− g
ij
2m
(∂iψ
†− iAiψ†)(∂jψ+ iAjψ)+ q0ψ†ψσ− 1
2
gij∂iσ∂jσ− σ
2
2r20
, (20)
is consistent with general coordinate invariance, as one can make σ transform as
δσ = −ξk∂kσ. (21)
In flat space (20) describes a system of particles interacting though a Yukawa two-body
potential,
V (r) = − q
2
0
4πr
e−r/r0. (22)
We thus have an example of an interacting theory where coupling to an external gauge field
and a metric can be introduced in a way consistent with general coordinate invariance.
We have not demonstrated that general coordinate invariance can be achieved for any
two-body potential. However, our foremost interest is in systems with universal behavior,
where only the scattering length a is important, not the details of the two-body potential.
For this purpose, the Lagrangian (20) is sufficient. In particular, infinite scattering length is
achieved by fine-tuning q0 and r0 so that
mq20r0 = 21.1... (23)
when the first bound state appears at threshold. To achieve universality we also need to
keep r0 smaller than any physical length scale. The universality of the fermionic system with
infinite scattering length means that one can choose q0 and r0 arbitrarily (keeping r0 small),
and the physics does not depends on our choice if Eq. (23) is satisfied. One can even make q0
and r0 time-dependent and nothing will depend on their values, if the fine-tuning condition
is kept at all time. This remark will be important in our subsequent discussion.
We have found the transformations (17) by trial and error. An alternative way to arrive
to these transformations is by taking the nonrelativistic limit of the relativistic general
coordinate invariance. The second way is instructive and will be useful for us when we try
to write down an effective Lagrangian consistent with general coordinate invariance. We will
describe it in the next Section.
3.2 The relativistic root of nonrelativistic general coordinate invariance
Consider a relativistic field theory of one free complex scalar field Ψ in a external four-
dimensional metric gµν . We use the (−+++) metric signature with xµ = (ct, x) and ds2 =
7
gµνdx
µdxν . We keep track of the speed of light c in order to send c→∞ in the nonrelativistic
limit. The action,
S = −
∫
d4x
√−g (gµν∂µΨ∗∂νΨ+m2c2Ψ∗Ψ) , (24)
is invariant under the infinitesimal general coordinate transformation
δΨ = −ξλ∂λΨ, (25a)
δgµν = −ξλ∂λgµν − gλν∂µξλ − gµλ∂νξλ. (25b)
In the nonrelativistic limit we take c → ∞. We assume that in this limit Ψ has a fast
phase rotation in time solely due to its rest mass, which can be factored out to yield the
nonrelativistic field ψ,
Ψ = e−imcx
0 ψ√
2mc
= e−imc
2t ψ√
2mc
. (26)
The metric is taken to have the (00) component close to −1 and small (0i) components,
gµν =


−1− 2A0
mc2
− Ai
mc
− Ai
mc
gij

 , (27a)
where A0, Ai, and gij are kept fixed in the limit c→∞. The inverse metric is
gµν =


−1 + 2A0
mc2
+
AiAi
m2c2
+O(c−4) − A
i
mc
+O(c−3)
− A
i
mc
+O(c−3) gij +O(c−2)

 , (27b)
where Ai ≡ gijAj . Substituting Eqs. (26) and (27b) into the action (24), one reproduces
(12) after discarding terms containing negative powers of c. Note that the g00 and g0i
components of the 4D metric tensor now appear as the gauge field in the nonrelativistic
action, in a manner reminiscent of the Kaluza-Klein mechanism [14].
Taking the coordinate shift ξµ of the form
ξµ =
( α
mc
, ξi
)
, (28)
where α is fixed in the limit c→∞, Eqs. (25) reduce to Eqs. (17). Thus we can understand
(17) as a nonrelativistic limit of the relativistic general coordinate invariance.
3.3 General coordinate invariance and conservation laws
We now show that the general coordinate invariance implies conservation of particle number
and momentum. We also will find that in theories with general coordinate invariance the
number current coincides (up to a factor of m) with the momentum density.
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The connected part of the generating functional W is formally defined as a path integral
eiW [A0,Ai,gij ] =
∫
Dψ†Dψ eiS[ψ,ψ
†,A0,Ai,gij ] . (29)
The correlation functions of operators coupled to the sources can be found by differentiating
W with respect to its arguments. General coordinate invariance implies, to linear order in
α and ξi,
W [A0 + δA0, Ai + δAi, gij + δgij] =W [A0, Ai, gij], (30)
where δA0, δAi, and δgij are defined as in Eqs. (17). Expanding the left-hand side of Eq. (30)
to linear order in α and ξi, one finds
∂tn + ∂ij
i = 0, (31a)
∂tT0k + ∂iT
i
k = 0, (31b)
where
n = −δW
δA0
, T0k = −mgik δW
δAi
+ Ak
δW
δA0
,
ji = −δW
δAi
, T ik = 2gkj
δW
δgij
− δikW + Ak
δW
δAi
.
(32)
Eqs. (31) can be interpreted as conservation of particle number and momentum. Here n
is the number density, ji is the number flux, T0i is the momentum density and T
i
k is the
stress tensor. We also notice that in flat space and in the absence of the vector potential the
momentum density is proportional to the number current,
T0i = mj
i when Ai = 0, gij = δij . (33)
This is the condition previously used by Greiter, Wilczek, and Witten [15] to find the effective
field theory of superfluids. Any theory which is general coordinate invariant automatically
satisfies (33).
4 Scale and conformal symmetries
The Lagrangian of noninteracting particles (12) exhibits scale invariance, which is an overall
rescaling of time and fields,
t→ t′ = λ−1t,
ψ(t,x)→ ψ′(t′,x) = λ3/4ψ(t,x), A0(t)→ A′0(t′) = λA0(t),
gij(t)→ g′ij(t′) = λ−1gij(t), Ai(t)→ A′i(t′) = Ai(t).
(34)
It is useful to introduce the notion of scaling dimension. An operator O is said to have
scaling dimension ∆O (in shorthand notation, [O] = ∆O) if under scale transformation in
transforms as
O(t,x)→ O′(λ−1t,x) = λ∆OO(t,x). (35)
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Note that the scaling dimension of a product is the sum of scaling dimensions: [O1O2] =
[O1] + [O2]. Also, one can assign scaling dimensions to space and time derivatives, [∂i] = 0
and [∂t] = 1, so [∂iO] = [∂i∂jO] = [O], while [∂tO] = [O] + 1. In this language,
[t] = −1, [xi] = 0, [ψ] = 3
4
, [A0] = 1, [Ai] = 0, [gij ] = −1. (36)
and [L] = 5
2
, so S is invariant.1
In fact, the action is invariant under a larger set of transformations, which involves
arbitrary reparametrization of time t→ t′ = t′(t), simultaneous with rescaling of A0 and gij,
ψ(t)→ ψ′(t′) =
(
dt
dt′
)3/4
ψ(t), A0(t)→ A′0(t′) =
(
dt
dt′
)
A0(t),
gij(t)→ g′ij(t′) =
(
dt′
dt
)
gij(t), Ai(t)→ A′i(t′) = Ai(t).
(37)
The infinitesimal version of (37) is
t→ t′ = t+ β,
δψ = −βψ˙ − 3
4
β˙ψ, δA0 = −βA˙0 − β˙A0,
δgij = −βg˙ij + β˙gij, δAi = −βA˙i.
(38)
We shall call this transformation the conformal transformation.2 The scale transforma-
tion (36) is a particular case of conformal transformations with β being a linear function of
time: β = bt.
In general, if a field O transforms under conformal transformation as
δO = −βO˙ −∆Oβ˙O, (39)
then O is said to have conformal dimension ∆O, [O]c = ∆O. Note that we still have [O1O2]c =
[O1]c + [O2]c, and [∂iO]c = [O]c. However, we cannot assign a conformal dimension to the
time derivative ∂t. In fact, if O transforms as in Eq. (39), then in general O˙ does not have
a well-defined conformal dimension at all,
δO˙ = −βO¨ − (∆O + 1)β˙O˙ −∆Oβ¨O. (40)
The extra term proportional to β¨ prevents us from assigning the conformal dimension ∆O+1
to O˙, unless ∆O = 0. (This term is absent for scale transformations where β is linear in t.)
1The zero scaling dimension of x and Ai in Eq. (36) may seem somewhat unnatural, but that is because
we have assigned gij a scaling dimension of −1.
2In the literature [16, 17] the term “conformal transformation” was used for a particular a combination
of (38) and the general coordinate transformation (17) with β = −Ct2, ξk = −Ctxk and α = − 1
2
mCx2,
where C is a constant. This combination leaves the trivial background A0 = Ai = 0, gij = δij unchanged.
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Therefore while an operator with a conformal dimension has a scaling dimension, the reverse
is not true in general.
Note that the Lagrangian (12) contains a term with a time derivative but still have a
well-defined conformal dimension of 5
2
, since the β¨ terms cancel out between the variations
of ψ†∂tψ and ∂tψ
†ψ. Again we see that the symmetric from of the time-derivative term is
preferable.
The conformal symmetry is generally broken when one turns on an interaction. We now
show that conformal invariance becomes exact again in the limit of infinite scattering length.
For that we can use the model with Yukawa interaction (20). If we take σ to transform the
same way as ψ,
σ(t)→ σ′(t′) =
(
dt
dt′
)3/4
σ(t), (41)
then after substitution, we see that two terms in the action, q0ψ
†ψσ and −σ2/(2r20), change
under the conformal transformation. The effect is that the constants q0 and r0 are replaced
by new time-dependent constants
q0 → q0
(
dt′
dt
)1/4
, r0 → r0
(
dt
dt′
)1/2
. (42)
However, we recall that the condition of infinite scattering length corresponds to mq20r0
equal the critical value (23). We can see that this condition is not violated under the
conformal transformation. Thus we can make use of the freedom in choosing q0 and r0
to transform it back to the original constant q0 and r0, without changing the generating
functional W . Therefore, the generating functional of a system tuned to infinite scattering
length is conformally invariant. This property of unitary Fermi gas will be used in Sec. 6.
Finally, we note that in contrast to the general coordinate transformations, the scale and
conformal transformations described above are not descended from the relativistic counter-
parts.
5 The superfluid effective theory
5.1 Preliminaries
It is now well established that Fermi gas remain superfluid in the whole range of the pa-
rameter kFa from the BEC to the BCS regimes. Superfluids provide the simplest nontrivial
application of general coordinate invariance. At long distance the only physical degree of
freedom is the phase of the condensate. We shall therefore construct an effective field theory
of the this phase.
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For a system consisting of bosons, the field is defined as the phase of the microscopic
field,
ψ = |ψ|e−iθ. (43)
For fermions, we define θ as half of the phase of the Cooper pair,
〈ψψ〉 = |〈ψψ〉|e−2iθ. (44)
Frequently, one describes a system at finite chemical potential µ by including the term
µψ†ψ into the Lagrangian. This approach is not suitable for our purposes since this term
breaks general coordinate, scale and conformal symmetries. Instead we shall write the La-
grangian without the µψ†ψ term. The chemical potential enters the problem through the
choice of the ground state. In particular, the superfluid ground state of a system at chemical
potential µ corresponds to θ = µt. We will frequently expand
θ = µt− ϕ, (45)
where fluctuations of ϕ around zero correspond to phonon excitations. The breaking of
symmetries is now spontaneous, i.e., it comes from the choice of the ground state (45).
Let us first discuss the theory in free flat space (A0 = Ai = 0, gij = δij). The effective
field theory is formulated as a Lagrangian Leff(θ). This Lagrangian has a shift symmetry
θ → θ + const, due to the global symmetry with respect to phase rotation of ψ. Due to
this symmetry, θ does not appear without derivative. So when we expand the Lagrangian
in power series over derivatives and over θ, we encounter in each term at least as many
derivatives as θ. Consider a few representative term in this expansion:
Leff(θ) ∼ (∂θ)2 + (∂θ)4 + (∂∂θ)2 + · · · (46)
The most naive power counting scheme is to consider θ ∼ 1 and each derivative as O(p).
In this scheme, the first term in (46) is O(p2), while the last two terms are O(p4). However,
the power counting scheme that is most useful is to count ∂tθ and ∂iθ as O(1), and additional
time and space derivatives as O(p). This is possible since, as we have seen, θ always appears
with at least one derivative. In this second power counting scheme, the first two terms in (46)
are of order 1 while the last term is O(p2). A generic term in the which contains N [∂t] time
derivatives, N [∂i] spatial derivatives, and the N [θ] power of the field will be counted as
∂
N [∂t]
t ∂
N [∂i]
i θ
N [θ] ∼ pN [∂t]+N [∂i]−N [θ]. (47)
In the second power counting scheme, the leading order effective Lagrangian sums up all
terms where the power of θ is equal to the total number of space and time derivatives. Thus
it is a function of first derivatives of θ,
LLO = L(θ˙, ∂iθ), (48)
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which may contain, upon series expansion, terms with any power of ∂ϕ.
So far we have not discussed the background fields A0, Ai, and gij. Since A0 and Ai
appears with in covariant derivatives, it is natural to assume that all fields scale as O(1)
and their first derivatives as O(p). In fact, in a trap where one has to treat the trapping
potential A0 as a quantity of order 1, the second power counting scheme with ∂θ ∼ 1 is the
only consistent one.
5.2 Symmetry requirements on the effective Lagrangian
The effective theory should inherit the general coordinate invariance of the microscopic
theory. This means that the effective action is invariant under the general coordinate trans-
formations. Since
δ
√
g =
1
2
√
g gijδgij = −ξk∂k√g −√g ∂kξk, (49)
we need the Lagrangian density to transform as
δL = −ξk∂kL, (50)
so that the action is invariant
δS =
∫
dt dx
(−ξkL∂k√g −√gL∂kξk −√g ξk∂kL) = −
∫
dt dx ∂k(
√
g ξkL) = 0. (51)
Equation (50) means that L has to transform as a scalar under general coordinate transfor-
mations.
We shall assume that the microscopic theory is invariant under time reversal, which
means that the effective theory is invariant under
t→ −t, θ → −θ. (52)
This time reversal invariance has an important consequences for the momentum expansion
of the EFT. This invariance implies that in each term, the difference between of the number
of time derivatives and the number of θ is even,
N [∂t]−N [θ] = even. (53)
Due to rotational symmetry and parity (which forbids ǫijk), the number of spatial derivatives
have to be even, since the spatial indices have to contract pairwise. Therefore we have
N [∂t] +N [∂i]−N [θ] = even, (54)
which means that the terms in the effective Lagrangian are proportional to even powers of
p. Therefore the next-to-leading order terms in the Lagrangian are O(p2), the next-to-next-
to-leading terms are O(p4), etc.
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5.3 Leading-order effective Lagrangian
Let us now turn on Aµ and the curved metric. The leading-order effective Lagrangian, as
we have discussed, should be a function of a finite number of variables which are O(p0):
L = L(θ˙, ∂iθ, A0, Ai, gij). (55)
Gauge invariance and invariance with respect to three-dimensional general coordinate trans-
formations (with time-independent ξi) limit the Lagrangian to be a function of two variables,
L = L (Dtθ, gijDiθDjθ) , (56)
where
Dtθ = θ˙ − A0, Diθ = ∂iθ −Ai . (57)
Now we require the invariance of the effective theory with respect to general coordinate
transformations
δθ = −α− ξk∂kθ, δA0 = −α˙− ξk∂kA0 − Akξ˙k,
δgij = −ξk∂kgij − gik∂jξk − gkj∂iξk, δAi = −∂iα− ξk∂kAi − Ak∂iξk +mgikξ˙k.
(58)
Under (58) we have
δ(Dtθ) = −ξk∂kDtθ − ξ˙kDkθ, (59)
δ(gijDiθDjθ) = −ξk∂k(gijDiθDjθ)− 2mξ˙kDkθ. (60)
This means that only one combination of these two variables transforms as a scalar, which
is
X = Dtθ − g
ij
2m
DiθDjθ, δX = −ξk∂kX, (61)
and the leading-order effective Lagrangian has to be a function of this combination,
L = P (X). (62)
If we now set the metric to flat and external fields to zero, then we find the most general
form of the Lagrangian for superfluids,
L = P
(
θ˙ − (∂iθ)
2
2m
)
, (63)
which was previously found by Greiter, Wilczek, and Witten [15] using a different line of
arguments.
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Lagrangian density and thermodynamic pressure
We now show that the function P in the leading-order Lagrangian is identical to the
function that defines, at zero temperature, the pressure as a function of the chemical poten-
tial, P = P (µ). For that purpose, we notice that the particle number density can be found
by differentiating the Lagrangian with respect to A0, and is equal to
n = P ′(X). (64)
The ground state at a chemical potential µ corresponds to θ = µt, which means X = µ. This
implies P is a function satisfying n(µ) = P ′(µ) where n(µ) is the equilibrium number density
at chemical potential µ. That means P is the thermodynamic pressure, up to a constant.
The constant is not important in any situation and will be set to zero.
Nonrelativistic superfluid as a limit of relativistic superfluid
It is also possible to obtain the Lagrangian (63) by taking the nonrelativistic limit of the
effective Lagrangian of relativistic superfluids. The field appearing in the effective Lagrangian
is the phase Θ of the relativistic field Ψ (see Eq. (24),
Ψ = |Ψ|e−iΘ. (65)
From Eq. (26), the relation between Θ and the nonrelativistic phase θ is
Θ = mc2t+ θ. (66)
To leading order, the effective Lagrangian is a function of ∂µΘ. Due to Lorentz invariance,
it has to have the form
L = L0(T ), T = −1
2
gµν∂µΘ∂νΘ. (67)
From Eqs. (66) and (27b) one finds
T =
m2c2
2
+m
[
θ˙ − A0 − g
ij
2m
(∂iθ − Ai)(∂jθ − Aj)
]
+O(c−2) =
m2c2
2
+mX +O(c−2). (68)
So, in the nonrelativistic limit the Lagrangian is a function of X, as found in Eq. (62).
It is shown in Ref. [18] that the function L0(T ) coincides with pressure at chemical
potential equal to
√
2c2T = mc2 +X + O(c−2). This is consistent with our previous result,
since the difference between the relativistic and nonrelativistic normalizations of the chemical
potential is the rest energy mc2.
5.4 Relation to other approaches
For completeness, we include here a discussion of the relation of the Lagrangian (63) and its
derivation with other, more frequently used, approaches. We also derive some well-known
results using the effective Lagrangian.
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General coordinate invariance versus Galilean invariance
Galilean invariance is sufficient to obtain the leading order Lagrangian. We recall that
the Galilean transformations (18) are particular cases of general coordinate transformations.
The Galilean transformations leave flat metric unchanged. Under these transformations,
Dtθ → Dtθ − viDiθ, Diθ → Diθ −mvi, (69)
from which we see that the only combination which is rotationally and Galilean invariant is
Dtθ − (2m)−1(Diθ)2.
A natural question arises: does Galilean invariance in general guarantee general coordi-
nate invariance? The answer is no. We shall see in Sec. 6 that at the next-to-leading order,
Galilean invariance is not sufficient to constrain the form of the effective Lagrangian.
Effective Lagrangian and superfluid hydrodynamics
From Eqs. (63) and (45) we can derive the field equation for ϕ,
∂tn+
1
m
∂i(n∂iϕ) = 0, (70)
In Eq. (70) n is the equilibrium number density at chemical potential equal to X = θ˙ −
(∂iθ)
2/(2m). This is the continuity equation of superfluid hydrodynamics, if we identify the
superfluid velocity with the gradient of θ,
vs = −∇θ
m
=
∇ϕ
m
. (71)
In superfluid hydrodynamics one regards n and ϕ as independent variables. The second
equation of superfluid hydrodynamics describes time evolution of ϕ comes from the definition
of n,
ϕ˙ = −µ(n)− mv
2
s
2
. (72)
Here µ(n) is the chemical potential at which the number density is equal to n.
Phonon velocity and interaction
We can determine the phonon spectrum by expanding the Lagrangian (63) to quadratic
order in ϕ (recall that θ = µt− ϕ). The Lagrangian is then
L = P (µ)− nϕ˙ + 1
2
∂n
∂µ
ϕ˙2 − n
2m
(∂iϕ)
2. (73)
The first term is constant, and the second term is a full derivative and does not contribute
to the field equation. The two last terms determine the phonon speed to be
cs =
√
n
m
∂µ
∂n
=
√
∂P
∂ρ
. (74)
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In performing the last transformation we have use the thermodynamic relation dP = ndµ
and the definition of mass density ρ = mn. The speed of sound is given by the same formula
as in normal fluids (however here the sound is not collisional.)
Expanding the Lagrangian further, one can find the interaction vertices. The interaction
between phonons, at leading order in momentum, is determined solely from the equation of
state. This nontrivial result is actually not new. Its relativistic equivalence was derived in
Ref. [18]. In the nonrelativistic setting, it was known in the Hamiltonian formalism, which
we discuss next.
Effective Hamiltonian
From the effective Lagrangian (63) one can derive the equivalent Hamiltonian. The
variable conjugate to the phase θ is the number density,
n ≡ πθ = ∂L
∂θ˙
= P ′(X). (75)
The equal-time commutation relation between n and θ is
[n(t,x), θ(t,y)] = −iδ(x− y). (76)
The Hamiltonian is then
H = nθ˙ − P (X) = n(∇θ)
2
2m
+ (nX − P (X)). (77)
Note that the function nX − P (X) is the Legendre transform of P (X). Since P (X) is the
pressure as function of chemical potential, its Legendre transform is energy as function of
number density ǫ(n). Therefore,
H = n
(∇θ)2
2m
+ ǫ(n). (78)
The Hamiltonian is the sum of the kinetic energy ρv2s/2 and the internal energy not associated
with the macroscopic flow, ǫ(n). This Hamiltonian is well known. It was used, e.g., to find
the interaction between phonons [19]. The Lagrangian −nθ˙−H is sometimes called Popov’s
hydrodynamic Lagrangian [20].
5.5 Effective Lagrangian for a unitary Fermi gas
The equation of state of a unitary Fermi gas is known up to a constant. Due to the absence
of any internal scale, by dimensional analysis the pressure has to be of the form
P = c0m
3/2µ5/2, (79)
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where c0 is a dimensionless variable. The leading-order effective action is then,
S =
∫
dt dx c0m
3/2
(
Dtθ − g
ij
2m
DiθDjθ
)5/2
. (80)
The fractional power in Eq. (80) is not problematic, since we always expand around the
ground state θ = µt. As expected, the Lagrangian (80) is invariant under infinitesimal
conformal transformations
δθ = −βθ˙, δA0 = −βA˙0 − β˙A0,
δgij = −βg˙ij + β˙gij, δAi = −βA˙i.
(81)
Taking the Legendre transform of P (µ), we find the energy density as a function of the
number density. This is proportional to the energy density of a free Fermi gas at the same
density, with the coefficient of proportionality ξ,
ǫ =
3
5
(
2n
5c0
)2/3
n
m
= ξ
3
5
(3π2n)2/3
2m
n. (82)
The parameter ξ is estimated to be around 0.4 from quantum Monte Carlo simulations [21,
22] (but see also Ref. [23]). We can express c0 via ξ,
c0 =
25/2
15π2ξ3/2
. (83)
At large, but finite, scattering length a the effective Lagrangian contains an extra term
proportional to a−1,
L = c0m3/2X5/2 + d0mX
2
a
(84)
where d0 is some constant. The term proportional to d0 violates scale and conformal sym-
metries explicitly.
6 Superfluid EFT to NLO
6.1 NLO terms versus loops
The leading-order effective Lagrangian allows one to compute all quantities of interest, e.g.,
scatterings amplitudes or correlation functions, to leading order in momentum. The correc-
tions to these leading-order results come from two sources. First, the Lagrangian contains
terms subleading in derivatives; these terms contribute, at tree level, subleading contributions
to the scattering amplitudes and correlation function. As explained above, these corrections
start at O(p2) order. The second source of corrections are loop diagrams, constructed using
the leading-order Lagrangian.
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We shall demonstrate here that the loop contributions start at order O(p4), i.e., are
comparable to those coming from the next-to-next-to-leading order terms in the effective
Lagrangian. Therefore, if one is interested in the leading O(1) and next-to-leading O(p2)
results, one can work at tree level.
To estimate the size of loop corrections, it is useful to work in the unit system where the
sound speed is cs = 1, so energy and momentum has the same dimension. The dimension
of the Lagrangian is 4 (momentum4). We also rescale ϕ so that the quadratic terms in the
Lagrangian is normalized canonically. The dimension of ϕ is then 1. The interaction terms
will have coefficients which can be estimated from dimensional analysis,
L ∼ (∂ϕ)2 + O(1)
µ2
(∂0ϕ)(∂iϕ)
2 +
O(1)
µ4
(∂ϕ)4. (85)
Here µ is the chemical potential and all dimensionless coefficients are, in general, of order
one.
p p
Figure 1: A one loop contribution to the phonon self-energy.
As an example of a loop diagram, consider a one-loop correction to the phonon dispersion
relation (Fig. 1). The graph is divergent and has to be regularized. After dimensional
regularization it becomes a finite function of the external momentum p, with a possible
logarithmic singularity. However we know that the graph contains two three-phonon vertices
and hence is proportional to µ−4. The self-energy has dimension 2. Therefore we conclude
that
Σ1−loop ∼ p
4
µ4
p2 ln p. (86)
which is suppressed by O(p4 ln p/µ4) compared to the tree-level result O(p2).
p
2
p
1
p
4
p
3
Figure 2: A one loop contribution to the phonon scattering amplitude.
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Consider another example, which is a one-loop correction to phonon-phonon scattering
amplitude (Fig. 2). The scattering amplitude is O(p4/µ4) at tree level. The one-loop graph
contains two four-phonon vertices and hence is proportional to µ−8. By dimension, it has to
behave as p8 ln p/µ8 as a function of the external momenta p. The result is by a factor of
O(p4 ln p/µ4) smaller than the tree level.
Generalizing to more complicated diagrams and processes, we see that we have to compute
loops only when we want to know the answer to order p4 compared to the leading-order
result. If we want to know the answer only to the leading and next-to-leading order, tree-
level calculation using the Lagrangian with subleading terms should suffice.
6.2 Structures of NLO terms
To find all terms allowed to the next-to-leading order, it is most convenient to work in the
relativistic theory and then take the nonrelativistic limit.
In the relativistic theory, the next-to-leading terms contain two derivatives more than
the field Θ. They have the form QiF (X), i = 1 . . . 7, where F is an arbitrary function of X,
and Qi are Lorentz scalars which are of order p
2:
Q1 = (∇µ∂νΘ)(∇λ∂ρΘ)∂µΘ∂νΘ∂λΘ∂ρΘ = ∂µT∂λT∂µΘ∂λΘ,
Q2 = (∇µ∂νΘ)(Θ)∂µΘ∂νΘ = −∂µT∂µΘΘ,
Q3 = (∇µ∂νΘ)(∇µ∂ρΘ)∂νΘ∂ρΘ = ∂µT∂µT,
Q4 = (Θ)
2, Q5 = (∇µ∂νΘ)(∇µ∂νΘ), Q6 = Rµν∂µΘ∂νΘ, Q7 = R.
(87)
Here ∇µ is the covariant derivative, Θ ≡ ∇µ∂µΘ, Rµν is the Ricci tensor, and R ≡ Rµµ (see
Ref. [24] and Appendix A). The terms proportional to the Ricci tensor are O(p2) since Rµν
contains second derivatives of gµν ∼ O(1).
We now use the field equation to exclude redundant terms from (87). To leading or-
der, where the Lagrangian is L = L0(T ), the field equation can be written as ∂µT∂µΘ =
−(L′/L′′)Θ; after adding O(p2) terms (87) to the Lagrangian, there will be higher correc-
tions to this equation:
∂µT∂
µΘ = −L
′
L′′Θ+O(p
3). (88)
By using the field equation one can express Q1 and Q2 through Q4:
Q1 =
(L′
L′′
)2
Q4 +O(p
4), Q2 =
L′
L′′Q4 +O(p
4), (89)
so they are not independent. In addition, one term from (87) can be written as a linear
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combination of other terms, up to a full derivative,
∇µ∂νΘ∇µ∂νΘF (T ) = (Θ)2
(
F − L
′
L′′F
′
)
+ ∂µT∂
µTF ′(T )−Rµν∂µΘ∂νΘF (T )
−∇µ [(∂µT + ∂µΘΘ)F (T )] . (90)
Therefore there are only four independent terms remaining from the original seven, and
LNLO = ∂µT∂µTF1(T ) + (Θ)2F2(T ) +Rµν∂µΘ∂νΘF3(T ) +RF4(T ), (91)
where F1, F2, F3, and F4 are arbitrary functions.
Now all we have to do is to take the nonrelativistic limit of the terms appearing in (91).
Consider the F1 term. Notice that
∂0T = ∂0
(
m2c2
2
+mX
)
=
m
c
∂tX = O(c
−1), (92)
therefore
∂µT∂µT = m
2gij∂iX∂jX +O(c
−2). (93)
For the F2 term, we first recall that
∂µΘ = gµν∂νΘ ≈ (−mc, gijDjθ), (94)
therefore
Θ =
1√−g∂µ(
√−g gµν∂νΘ) = − m√
g
∂t
√
g +
1√
g
∂i(g
ijDjθ). (95)
The coefficient in front of F3 can be expanded as
Rµν∂
µΘ∂νΘ = m2c2R00 − 2mcR0iDiθ +RijDiθDjθ (96)
where all three terms survive in the limit c → ∞ since R00 = O(c−2), R0i = O(c−1), and
Rij = O(1) [see Appendix A where the components of the Ricci tensor are computed for the
nonrelativistic metric (27)].
The coefficient in front of F4 is the Ricci scalar, which reduces to the Ricci scalar of the
3D space in the nonrelativistic limit after neglecting terms of order c−2 and higher:
R = gµνRµν ≈ gijRij = R3D(gij). (97)
Thus, we arrive to the most general NLO Lagrangian consistent with general coordinate
invariance,
LNLO = L1 + L2 + L3 + L4, (98)
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where
L1 = gij∂iX∂jXf1(X), (99)
L2 = 1
g
[−m∂t√g + ∂i(√g gijDjθ)]2 f2(X), (100)
L3 =
{
−m
2
4
(2gij g¨ij + g˙
ij g˙ij)−m∇iEi + 1
4
F ijFij
+
[
m∂t∂i ln g −∇j(mgjkg˙ki + gjkFki)
]
Diθ +RijD
iθDjθ
}
f3(X),
(101)
L4 = R3Df4(X), (102)
where Ei ≡ ∂tAi − ∂iA0, Fij ≡ ∂iAj − ∂jAi, and raising/lowering indices and covariant
derivatives are done using the 3D metric gij.
Now having made use of the general coordinate invariance, we dispense with the curved
space and set the metric to flat, gij = δij . The NLO Lagrangian becomes much simpler,
LNLO = ∂iX∂iXf1(X) + (∂iDiθ)2f2(X) +
(
−m∂iEi + 1
4
FijFij − ∂iFijDjθ
)
f3(X). (103)
The f4 term is not important in flat space. If one retains only A0 and sets Ai = 0 (which
would preclude one from calculating the transverse response function, see Sec. 7), then the
Lagrangian is even simpler
LNLO = ∂iX∂iXf1(X) + (∇2θ)2f2(X) +m∇2A0f3(X). (104)
General coordinate versus Galilean invariance
We have mentioned above that, at the leading order, general coordinate invariance is not
more powerful than Galilean invariance: both yield the Greiter-Wilczek-Witten Lagrangian.
However, at the next to leading order, general coordinate invariance is more restrictive than
Galilean invariance. In other worlds, one can write down Galilean invariant terms which are
not general coordinate invariant.
To see that, we write down the infinitesimal Galilean transforms (recall that we are in
flat space),
Dtθ → Dtθ − viDiθ, Ei → Ei − vkFki,
Diθ → Diθ −mvi, Fij → Fij.
(105)
All three terms in Eq. (103) are Galilean invariant, as they should be since general coordinate
invariance implies Galilean invariance. However, one can directly check that each of the
following three expressions is Galilean invariant,
FijFij , m∂iEi + ∂iFijDjθ, m
2E2i + 2mEiFikDkθ + FijFikDjθDkθ, (106)
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but, in fact, the third expression does not enter the Lagrangian (103) at all, and the first
two enter the Lagrangian only through one particular linear combination. Therefore if one
relies only on Galilean invariance one would conclude incorrectly that the NLO Lagrangian
involves five arbitrary functions, instead of three. When one only keeps the trapping potential
A0, setting Ai = 0, general coordinate invariance allows one to exclude a term of the form
(∂iA0)
2f(X) from appearing in the Lagrangian (104).
6.3 Scale invariance and conformal invariance
Unitary Fermi gas does not possess an intrinsic scale, therefore the functions fi(X), i =
1, · · ·4 above should be powers of X. Requiring the invariance of the action under scale
transformations t→ λ−1t, gij → λ−1gij, one finds that
f1(X) = c1m
1/2X−1/2, f2(X) = c2m
−1/2X1/2, f3(X) = c3m
−1/2X1/2. (107)
The powers of X can be found from counting the scaling dimension and requiring that
[L] = 5
2
(note that [X] = 1); the powers ofm are written to make ci dimensionless. Therefore,
instead of three arbitrary functions of X, the NLO Lagrangian for unitary Fermi gas involves
three dimensionless phenomenological constants c1, c2, and c3 (four in curved space, with
f4(X) = c4m
1/2X3/2).
Remarkably, conformal invariance further reduces the number of independent constants
to two (three in curved space). Performing the infinitesimal transformation (81), we find
that S1 =
∫L1 and S4 = ∫L4 are separately invariant. Indeed, their expressions contain
only spatial derivatives of elementary fields, and thus have conformal dimension equal to the
scaling dimension. However, L2 and L3 contain time derivatives of the metric tensor and
hence do not have well-defined conformal dimension. Thus S2 =
∫L2 and S3 = ∫L3 change
under conformal transformations,
δS2 = 3c2m
1/2
∫
dt dx β¨
[
m∂t
√
g − ∂i(√g gijDjθ)
]
X1/2, (108)
δS3 = −c3
2
m3/2
∫
dt dx
√
g
...
βX1/2. (109)
A closer investigation reveals that the two contributions cancel each other for a particular
ratio of c2 and c3. To see that, we perform integration by part in Eq. (109), and make use
of the leading-order field equation,
X˙ = −2
3
∂t
√
g√
g
X +
2
3m
1√
g
∂i(
√
g gijDjθ)X +
1
m
gij∂iX∂jθ, (110)
to obtain
δS3 = c3m
3/2
∫
dt dx β¨
[
1
3
∂t
√
g X1/2 +
1
6m
∂i(
√
g gijDjθ)X
1/2 +
1
4m
√
g gij∂iX∂jθX
−1/2
]
.
(111)
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The contribution coming from the last term in the brackets can be further integrated by
parts,∫
dx
√
g gij∂iX∂jθX
−1/2 = 2
∫
dx
√
g gij∂iX
1/2∂jθ = −2
∫
dx ∂i(
√
g gij∂jθ)X
1/2. (112)
One thus finds
δS2 + δS3 =
(
3c2 +
c3
3
)
m1/2
∫
dt dx β¨[m∂t
√
g − ∂i(√g gijDjθ)]X1/2. (113)
Therefore, conformal symmetry can be satisfied if one requires
c3 = −9c2. (114)
(In d spatial dimensions we would have c3 = −d2c2.)
Thus, we find that the NLO effective Lagrangian of unitary Fermi gas in flat space and in
the presence of background gauge fields involves only two independent additional constants,
LLO + LNLO = c0m3/2X5/2 + c1
√
mX−1/2∂iX∂iX
+
c2√
m
[
(∂iDiθ)
2 + 9m∂iEi − 9
4
FijFij + 9∂iFijDjθ
]
X1/2, (115)
where X = µ−Dtϕ− (Diϕ)2/(2m).
If we retain only the trapping potential A0 and set Ai = 0, then the effective Lagrangian
becomes
L = c0m3/2X5/2 + c1
√
mX−1/2∂iX∂iX +
c2√
m
[(∂iDiθ)
2 − 9m∇2A0]X1/2. (116)
The two parameters c1 and c2 are universal constants and need to be determined from
microscopic computations. In Sec. 7 we shall see how these coefficients appear in physical
quantities, which suggests methods to extract them. We will also show that c2 is positive.
7 Physical applications
In this section, we compute some physical quantities using the NLO effective Lagrangian.
Our aim is not to go through an exhaustive list of applications, but just to demonstrate
the predictive powers of the EFT. Further calculations are deferred to future work. In this
Section we use the unit system ~ = m = 1.
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7.1 Phonon dispersion relation
Consider an infinite system with no trapping potential A0 = Ai = 0. Expanding the effective
Lagrangian to quadratic order in ϕ, we find
L = 1√
µ
[
15c0
8
µϕ˙2 − 5c0
4
µ2(∇ϕ)2 + c1(∂iϕ˙)2 + c2µ(∇2ϕ)2
]
. (117)
The phonon dispersion relation is found by solving the equation
15c0
8
µω2 − 5c0
4
µ2q2 + c1ω
2q2 + c2µq
4 = 0. (118)
The solution is
ω2 =
2µ
3
q2 − 8
45c0
(2c1 + 3c2)q
4. (119)
Using µ = ξǫF and Eq. (83), we can write the result in the form
ω =
√
ξ
3
vFq
[
1− π2
√
2ξ
(
c1 +
3
2
c2
)
q2
k2F
]
. (120)
We reproduce the linear part of the phonon dispersion with the velocity cs =
√
ξ/3 vF, but we
also find the nonlinear q3 term in the dispersion. This correction depends on the combination
2c1 + 3c2. In particular, if 2c1 + 3c2 < 0 the dispersion curves up and a low-energy phonon
can decay into two phonons. In the opposite case such a process is kinematically forbidden.
7.2 Static density response function
The EFT allows one to compute any correlation functions in the long-wavelength, low-
frequency regime. Here we concentrate on the static response functions, as these functions
are most readily computable using Monte-Carlo techniques. The static density response
function χ(k) is defined through the response of the medium to a small potential A0 [25]. If
one introduces the time-ordered density-density correlation function,
iGnn(ω, q) =
∫
dt dx eiωt−iq·x〈Tn(t,x)n(0, 0)〉, (121)
then
χ(q) = Gnn(0, q). (122)
It is related to the dynamic structure function S(ω, q),
S(ω, q) = −2 ImGnn(ω, q), ω > 0, (123)
through a dispersion relation
χ(q) = −2
∞∫
0
dω
2π
S(ω, q)
ω
. (124)
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At zero momentum the static response function is fixed by the compressibility sum rule,
χ(0) = −∂n
∂µ
= − n
mc2s
. (125)
We shall now compute the leading correction at small q.
From the general formalism, the density correlation function can be obtained by differ-
entiating the generating functional W ,
Gnn(t,x) = − δ
2W [A0, Ai]
δA0(t,x)δA0(0, 0)
∣∣∣∣
A0=Ai=0
. (126)
In EFT W can be found from diagrammatic techniques. Since to the NLO we have only tree
graphs, W coincides with the classical action at the saddle point,
W [A0, Ai] = S[ϕcl, A0, Ai], (127)
where ϕcl is the solution to the field equation in the background A0, Ai.
To compute the static density response function one can keep Ai = 0 and turn on only
a static A0. The leading-order field equation (110) has a trivial solution ϕcl = 0 on this
background. If one is interested in the NLO action one can just insert this solution into the
NLO Lagrangian. The Lagrangian density for this solution is
L[ϕcl, A0] = c0(µ− A0)5/2 + c1√
µ− A0
(∂iA0)
2 − 9c2(∇2A0)
√
µ− A0 , (128)
from which we find
χ(q) = − kF
π2ξ
[
1 + 2π2
√
2ξ
(
c1 − 9
2
c2
)
q2
k2F
]
. (129)
At q = 0 the compressibility sum rule is reproduced. Note that the q2 correction is pro-
portional to a different linear combination of c1 and c2 compared to the phonon dispersion
relation.
7.3 Static transverse response function and the sign of c2
The transverse response function measures the “paramagnetic” current jP induced by a
transverse static background field A:
〈j⊥(q)〉 = χT (q)A⊥(q), q · j⊥ = q ·A⊥ = 0. (130)
The “paramagnetic” current j in this formula is defined without the “diagmagnetic part”
Aψ†ψ,
j = − i
2
(ψ†∇ψ −∇ψ†ψ), (131)
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therefore if we define the transverse current-current correlator,
iδikG⊥(ω, q) =
∫
dt dx eiωt−iqz〈Tji(t,x)jk(0, 0)〉, i, k = x, y, (132)
then the transverse response function is related to G⊥ in the following way:
χT (q) = G⊥(0, q)− n. (133)
At zero temperature, the static transverse response function approaches zero in the low
momentum limit
lim
q→0
χT (q) = 0, (134)
a fact that corresponds to the vanishing of the normal density. There is a dispersion relation
relating χT with the dynamic transverse structure function ΥT (ω, q):
χT (q) = −2
∞∫
0
dω
2π
ΥT (ω, q)
ω
, (135)
where ΥT is positive, so χT (q) < 0.
The transverse response function can be computed from a formula analogous to (126),
where A0 is replaced by the A⊥. Again in the presence of transverse static Ai the field
equation yields ϕ = 0, and the Lagrangian density is simply
L[Ai] = c0
(
µ− A
2
⊥
2
)5/2
+ c2
√
µ
(
−9
4
FijFij − 9∂iFijAj
)
+O(A4⊥). (136)
We find
χT (q) = −9c2
√
ξ
2
kFq
2. (137)
But since χT (q) < 0 we conclude that c2 > 0.
7.4 Energy of unitary Fermi gas in harmonic trap
Consider unitary Fermi gas in an asymmetric harmonic trap with the potential
A0 =
1
2
(ω21x
2
1 + ω
2
2x
2
2 + ω
2
3x
2
3). (138)
To leading order, the ground state at chemical potential µ is θ = µt, and the Lagrangian
density, evaluated for this configuration and integrated over space, is the free energy
−F (µ) =
∫
∂x
(
c0(µ−A0)5/2 + c1(∂iA0)
2
√
µ− A0
− 9c2∇2A0
√
µ− A0
)
. (139)
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In Eq. (139) the integral is taken over the volume occupied by the fermion cloud, which is
determined by A0 < µ. Taking the integrals one obtains
−F (µ) = 1
12ξ3/2
µ4
ω¯3
+
√
2π2
(
c1 − 9
2
c2
)
ω21 + ω
2
2 + ω
2
3
ω¯3
µ2, (140)
where ω¯ ≡ (ω1ω2ω3)1/3. The particle number as a function of the chemical potential is found
by differentiating F (µ), N = −∂F/∂µ, and the energy as a function of particle number is
the Legendre transform of −F :
E(N) = F + µN =
√
ξ
4
ω¯(3N)4/3 −
√
2π2ξ
(
c1 − 9
2
c2
)
ω21 + ω
2
2 + ω
2
3
ω¯
(3N)2/3. (141)
Note that c1 and c2 appear in the same combination as they appear in the static density
response function (129).
We were somewhat fortunate that all integrals in Eq. (139) converge. We would not
be so lucky beyond the NLO. Indeed, consider as an example a O(q4) term in the effective
Lagrangian,
(gij∂iX∂jX)
2
X7/2
. (142)
This term respects both general coordinate and conformal invariance. The contribution to
the free energy in a trap would be ∫
dx
[(∂iA0)
2]2
(µ−A0)7/2 . (143)
For simplicity let us assuming a spherical trap, ωi = ω. Denote the distance to the boundary
of the fermion cloud as δ,
|x| =
√
2µ
ω
− δ, (144)
then the integral in (143), in the region of small δ, looks like∫
dδ x2
(ω2x)4
(ω
√
µ δ)7/2
∼ µ
5/4
ω3/2
∫
dδ
δ7/2
. (145)
Clearly, the integral diverges near δ = 0.
This divergence can be traced to the breakdown of the derivative expansion near the
boundary of the cloud. Indeed, near the boundary the effective chemical potential µ −
A0 changes substantially over distances of order δ. When δ is comparable to the Fermi
wavelength, i.e.,
δ ∼ 1
(µ− A0)1/2 ∼
1
(ωδ)1/2µ1/4
or δ ∼ 1
(ω2µ)1/6
. (146)
the expansion parameter in the EFT becomes of order one. In other words, there is a
boundary layer with the thickness determined by Eq. (146) where the EFT theory break
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down. One can estimate (but not calculate) the contribution of this region to the free energy
by placing (146) as a cutoff in (145), and find
Fboundary ∼ µ
5/3
ω2/3
. (147)
The EFT, in principle, cannot give an answer with an error smaller than Fboundary. This
uncertainty translates into an uncertainty of order N5/9 in Eq. (141). Note that this is
smaller than the NLO correction by only a factor of N−1/9.
8 Conclusion
In this paper we have discussed general coordinate invariance and conformal invariance
in the nonrelativistic many-body theory. We also extract physical consequences of these
symmetries for the unitary Fermi gas. We find that to the leading and next-to-leading
orders in the momentum expansion we need three constants c0 (or ξ), c1 and c2 to completely
characterize the dynamics of the system and its response to external probes. While we have
some numerical estimates for c0 from Monte Carlo measurements of thermodynamics, we
still lack estimates for c1 and c2. We propose to extract c1 and c2 by finding the density and
transverse response functions in the low-momentum region using Monte Carlo techniques
and matching the results with Eqs. (7).
The effective Lagrangian which we have derived can be used to compute many physical
quantities. One interesting application is the computation of the kinetic coefficients of a
unitary Fermi gas at low temperatures. The knowledge of these coefficients is important for
computing the damping rate of oscillations of the trapped gas at low temperatures [7, 26].
Taking a broader perspective, we expect the general coordinate invariance to have a wide
range of applications, since it is a common property of all nonrelativistic systems. In the
paper we have considered only systems with one species of particles, but it is straightforward
to generalize the general coordinate transformations (17) for systems consisting of many
species of particles. For example, in the case of a 4He–3He mixture one should introduce
two gauge fields, one (say, Aµ) coupled to the
4He current and another (Bµ) to the
3He
current. The general coordinate transformations contain two copies of Eqs. (17b) and (17c);
in particular we have
δAi = · · ·+m4gikξ˙k, δBi = · · ·+m3gikξ˙k, (148)
where m4 and m3 are the masses of the
4He and 3He atoms, respectively.
On the other hand, conformal invariance, at least in three spatial dimensions, seems to
be specific to the unitary Fermi gas. It would be interesting to explore conformal invariance
in lower-dimensional systems, for example for the anyon gas in two dimensions, which has
been suggested to be a superfluid [27] and respects scale invariance [13, 28].
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A Christoffel symbols and Ricci tensor in the nonrelativistic limit
Our convention for the Christoffel symbols and the Ricci tensor is
Γµνλ =
1
2
gµρ(∂νgρλ + ∂λgρν − ∂ρgνλ), (149)
Rµν = ∂λΓ
λ
µν − ∂µΓλνλ + ΓλµνΓρλρ − ΓλµρΓρνλ. (150)
The covariant derivatives of scalars and vectors are given by
∇µφ = ∂µφ, ∇µξν = ∂µξν + Γνµλξλ, ∇µξν = ∂µξν − Γλµνξλ. (151)
To derive Eq. (90) the following equation is used:
∇µ∇νξν −∇ν∇µξν = −Rµνξν. (152)
For the metric of the form (27), one finds
Γ000 =
1
mc3
A˙0 +
1
m2c3
AiEi, (153)
Γi00 = −
1
mc2
Ei, Γ00i =
1
mc2
∂iA0 − 1
2mc2
Aj
(
g˙ji +
1
m
Fji
)
, (154)
Γ0ij =
1
2mc
(∇iAj +∇jAi) + 1
2c
g˙ij, Γ
i
0j =
1
2c
gik
(
g˙kj +
1
m
Fkj
)
, (155)
where Ei and Fij are the electric and magnetic fields constructed from the field potential
(A0, Ai):
Ei = ∂tAi − ∂iA0, Fij = ∂iAj − ∂jAi. (156)
The completely spatial components of Γµνλ coincides with the Christoffel symbols of the
three-dimensional space with metric gij.
For the Ricci tensor, one has
R00 = − 1
2c2
gij g¨ij − 1
4c2
g˙ij g˙ij − 1
mc2
∇iEi + 1
4m2c2
F ijFij, (157)
R0i = − 1
2c
∂t∂i ln g +
1
2c
∇j
[
gjk
(
g˙ki +
1
m
Fki
)]
. (158)
Again, the spatial components Rij coincides with the Ricci tensor of the three-dimensional
space with metric gij . In particular, in the limit c → ∞, the 4D Ricci scalar R coincides
with the 3D counterpart.
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